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Problem 3D.3

Alternate form of the equation of motion.8 Show that, for an incompressible Newtonian
fluid with constant viscosity, the equation of motion may be put into the form

4∇2P = ρ(ω : ω† − γ̇ : γ̇) (3D.3-1)

where
γ̇ = ∇v + (∇v)† and ω = ∇v − (∇v)† (3D.3-2)

Do any additional restrictions have to be placed on this result?

Solution

In terms of the substantial derivative, the Navier-Stokes equation is

D

Dt
ρv = −∇p+ µ∇2v + ρg.

It holds under the assumption that the fluid density ρ and viscosity µ are constant. The force of
gravity is conservative, so there exists a potential function Φ such that mg = −∇Φ.

D

Dt
ρv = −∇p+ µ∇2v − ρ

m
∇Φ

= −∇
(
p+

ρ

m
Φ
)

+ µ∇2v

Introduce the modified pressure function,

P = p+
ρ

m
Φ = p+ ρgh,

to simplify the right side.
D

Dt
ρv = −∇P + µ∇2v

This equation can be written in one of two ways,

∂

∂t
ρv + v ·∇ρv = −∇P + µ∇2v

∂

∂t
ρv +∇ · ρvv = −∇P + µ∇2v.

Take the divergence of both sides of each equation.

∇ ·
(
∂

∂t
ρv + v ·∇ρv

)
= ∇ ·

(
−∇P + µ∇2v

)
∇ ·

(
∂

∂t
ρv +∇ · ρvv

)
= ∇ ·

(
−∇P + µ∇2v

)
The divergence of a sum is the sum of the divergences.

∇ ·
(
∂

∂t
ρv

)
+∇ · (v ·∇ρv) = ∇ · (−∇P) +∇ · (µ∇2v)

∇ ·
(
∂

∂t
ρv

)
+∇ · (∇ · ρvv) = ∇ · (−∇P) +∇ · (µ∇2v)

8P. G. Saffman, Vortex Dynamics, Cambridge University Press, corrected edition (1995).
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Bring the constants in front.

ρ∇ ·
(
∂

∂t
v

)
+ ρ∇ · (v ·∇v) = −∇ ·∇P + µ∇ · (∇2v)

ρ∇ ·
(
∂

∂t
v

)
+ ρ∇ · (∇ · vv) = −∇ ·∇P + µ∇ · (∇2v)

Divide both sides of each equation by ρ and use the kinematic viscosity ν for µ/ρ.

∇ ·
(
∂

∂t
v

)
+∇ · (v ·∇v) = −1

ρ
∇2P + ν∇ · (∇2v) (1)

∇ ·
(
∂

∂t
v

)
+∇ · (∇ · vv) = −1

ρ
∇2P + ν∇ · (∇2v) (2)

Examine the first term on the left side.

∇ ·
(
∂

∂t
v

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 ∂
∂t

 3∑
j=1

δjvj


=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δj
∂vj
∂t


=

3∑
i=1

3∑
j=1

(δi · δj)
∂

∂xi

∂vj
∂t

=

3∑
i=1

3∑
j=1

δij
∂

∂xi

∂vj
∂t

=
3∑

i=1

∂

∂xi

∂vi
∂t

=
3∑

i=1

∂

∂t

∂vi
∂xi

=
∂

∂t

(
3∑

i=1

∂vi
∂xi

)

=
∂

∂t
(∇ · v)
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Examine the second term on the right side.

∇ · (∇2v) =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

∂2

∂x2j

(
3∑

l=1

δlvl

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
l=1

δl
∂2vl
∂x2j


=

3∑
i=1

3∑
j=1

3∑
l=1

(δi · δl)
∂

∂xi

∂2vl
∂x2j

=

3∑
i=1

3∑
j=1

3∑
l=1

δil
∂

∂xi

∂2vl
∂x2j

=

3∑
j=1

3∑
l=1

∂

∂xl

∂2vl
∂x2j

=

3∑
j=1

3∑
l=1

∂2

∂x2j

∂vl
∂xl

=
3∑

j=1

∂2

∂x2j

(
3∑

l=1

∂vl
∂xl

)
= ∇2(∇ · v)

Examine the second term on the left side of equation (2).

∇ · (∇ · vv) =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

δkvk

)(
3∑

l=1

δlvl

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

3∑
l=1

δkδlvkvl

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δl
∂

∂xj
vkvl


=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

δjkδl
∂

∂xj
vkvl


=

(
3∑

i=1

δi
∂

∂xi

)
·
(

3∑
k=1

3∑
l=1

δl
∂

∂xk
vkvl

)

=
3∑

i=1

3∑
k=1

3∑
l=1

(δi · δl)
∂

∂xi

∂

∂xk
vkvl
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Continue simplifying the right side.

∇ · (∇ · vv) =
3∑

i=1

3∑
k=1

3∑
l=1

δil
∂

∂xi

∂

∂xk
vkvl

=

3∑
i=1

3∑
k=1

∂

∂xi

∂

∂xk
vkvi

=
3∑

i=1

3∑
k=1

∂

∂xi

(
∂vk
∂xk

vi + vk
∂vi
∂xk

)

=

3∑
i=1

3∑
k=1

(
∂2vk
∂xi∂xk

vi +
∂vk
∂xk

∂vi
∂xi

+
∂vk
∂xi

∂vi
∂xk

+ vk
∂2vi
∂xi∂xk

)

=
3∑

i=1

3∑
k=1

∂2vk
∂xi∂xk

vi +
3∑

i=1

3∑
k=1

∂vk
∂xk

∂vi
∂xi

+
3∑

i=1

3∑
k=1

∂vk
∂xi

∂vi
∂xk

+
3∑

i=1

3∑
k=1

vk
∂2vi
∂xi∂xk

=
3∑

i=1

vi
∂

∂xi

(
3∑

k=1

∂vk
∂xk

)
+

(
3∑

i=1

∂vi
∂xi

)(
3∑

k=1

∂vk
∂xk

)
+

3∑
i=1

3∑
k=1

∂vk
∂xi

∂vi
∂xk

+
3∑

k=1

vk
∂

∂xk

(
3∑

i=1

∂vi
∂xi

)
= v ·∇(∇ · v) + (∇ · v)(∇ · v) + (∇v) · (∇v)† + v ·∇(∇ · v)

= 2[v ·∇(∇ · v)] + (∇ · v)2 + (∇v) · (∇v)†

Finally, examine the second term on the left side of equation (1).

∇ · (v ·∇v) =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

 ·
(

3∑
k=1

δk
∂

∂xk

)(
3∑

l=1

δlvl

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

 ·
(

3∑
k=1

3∑
l=1

δkδl
∂vl
∂xk

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δlvj
∂vl
∂xk


=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

δjkδlvj
∂vl
∂xk


=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
l=1

δlvj
∂vl
∂xj


=

3∑
i=1

3∑
j=1

3∑
l=1

(δi · δl)
∂

∂xi

(
vj
∂vl
∂xj

)

=

3∑
i=1

3∑
j=1

3∑
l=1

δil
∂

∂xi

(
vj
∂vl
∂xj

)

=
3∑

i=1

3∑
j=1

∂

∂xi

(
vj
∂vi
∂xj

)
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Continue simplifying the right side.

∇ · (v ·∇v) =

3∑
i=1

3∑
j=1

(
∂vj
∂xi

∂vi
∂xj

+ vj
∂2vi
∂xi∂xj

)

=
3∑

i=1

3∑
j=1

∂vj
∂xi

∂vi
∂xj

+
3∑

i=1

3∑
j=1

vj
∂2vi
∂xi∂xj

=

3∑
i=1

3∑
j=1

∂vj
∂xi

∂vi
∂xj

+

3∑
j=1

vj
∂

∂xj

(
3∑

i=1

∂vi
∂xi

)
= (∇v) · (∇v)† + v ·∇(∇ · v)

With these results, equations (1) and (2) become

∂

∂t
(∇ · v) + (∇v) · (∇v)† + v ·∇(∇ · v) = −1

ρ
∇2P + ν∇2(∇ · v)

∂

∂t
(∇ · v) + 2[v ·∇(∇ · v)] + (∇ · v)2 + (∇v) · (∇v)† = −1

ρ
∇2P + ν∇2(∇ · v).

Because the density ρ is constant (or the fluid is incompressible), the continuity equation reduces to

∂ρ

∂t
= −(∇ · ρv) → 0 = −ρ(∇ · v) → ∇ · v = 0,

which means these last two equations simplify to

(∇v) · (∇v)† = −1

ρ
∇2P. (3)

The quantity in parentheses in the final result simplifies as follows.

ω : ω† − γ̇ : γ̇ =
[
∇v − (∇v)†

]
:
[
∇v − (∇v)†

]†
−
[
∇v + (∇v)†

]
:
[
∇v + (∇v)†

]
=

{( 3∑
i=1

δi
∂

∂xi

)( 3∑
j=1

δjvj

)
−
[( 3∑

i=1

δi
∂

∂xi

)( 3∑
j=1

δjvj

)]†}
:

{( 3∑
k=1

δk
∂

∂xk

)( 3∑
l=1

δlvl

)
−
[( 3∑

k=1

δk
∂

∂xk

)( 3∑
l=1

δlvl

)]†}†

−
{( 3∑

i=1

δi
∂

∂xi

)( 3∑
j=1

δjvj

)
+

[( 3∑
i=1

δi
∂

∂xi

)( 3∑
j=1

δjvj

)]†}
:

{( 3∑
k=1

δk
∂

∂xk

)( 3∑
l=1

δlvl

)
+

[( 3∑
k=1

δk
∂

∂xk

)( 3∑
l=1

δlvl

)]†}
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Continue the simplification.

ω : ω† − γ̇ : γ̇ =


 3∑

i=1

3∑
j=1

δiδj
∂vj
∂xi

−
 3∑

i=1

3∑
j=1

δiδj
∂vj
∂xi

†
 :

( 3∑
k=1

3∑
l=1

δkδl
∂vl
∂xk

)
−

(
3∑

k=1

3∑
l=1

δkδl
∂vl
∂xk

)††

−


 3∑

i=1

3∑
j=1

δiδj
∂vj
∂xi

+

 3∑
i=1

3∑
j=1

δiδj
∂vj
∂xi

†
 :

( 3∑
k=1

3∑
l=1

δkδl
∂vl
∂xk

)
+

(
3∑

k=1

3∑
l=1

δkδl
∂vl
∂xk

)†
=

 3∑
i=1

3∑
j=1

δiδj
∂vj
∂xi

−
 3∑

i=1

3∑
j=1

δiδj
∂vi
∂xj

 :

[(
3∑

k=1

3∑
l=1

δkδl
∂vl
∂xk

)
−

(
3∑

k=1

3∑
l=1

δkδl
∂vk
∂xl

)]†

−

 3∑
i=1

3∑
j=1

δiδj
∂vj
∂xi

+

 3∑
i=1

3∑
j=1

δiδj
∂vi
∂xj

 :

[(
3∑

k=1

3∑
l=1

δkδl
∂vl
∂xk

)
+

(
3∑

k=1

3∑
l=1

δkδl
∂vk
∂xl

)]

=

 3∑
i=1

3∑
j=1

δiδj

(
∂vj
∂xi
− ∂vi
∂xj

) :

[
3∑

k=1

3∑
l=1

δkδl

(
∂vl
∂xk
− ∂vk
∂xl

)]†

−

 3∑
i=1

3∑
j=1

δiδj

(
∂vj
∂xi

+
∂vi
∂xj

) :

[
3∑

k=1

3∑
l=1

δkδl

(
∂vl
∂xk

+
∂vk
∂xl

)]

=

 3∑
i=1

3∑
j=1

δiδj

(
∂vj
∂xi
− ∂vi
∂xj

) :

[
3∑

k=1

3∑
l=1

δkδl

(
∂vk
∂xl
− ∂vl
∂xk

)]

−

 3∑
i=1

3∑
j=1

δiδj

(
∂vj
∂xi

+
∂vi
∂xj

) :

[
3∑

k=1

3∑
l=1

δkδl

(
∂vl
∂xk

+
∂vk
∂xl

)]

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δiδj : δkδl)

(
∂vj
∂xi
− ∂vi
∂xj

)(
∂vk
∂xl
− ∂vl
∂xk

)

−
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δiδj : δkδl)

(
∂vj
∂xi

+
∂vi
∂xj

)(
∂vl
∂xk

+
∂vk
∂xl

)
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Continue the simplification.

ω : ω† − γ̇ : γ̇ =
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)(δj · δk)

(
∂vj
∂xi
− ∂vi
∂xj

)(
∂vk
∂xl
− ∂vl
∂xk

)

−
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)(δj · δk)

(
∂vj
∂xi

+
∂vi
∂xj

)(
∂vl
∂xk

+
∂vk
∂xl

)

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilδjk

(
∂vj
∂xi
− ∂vi
∂xj

)(
∂vk
∂xl
− ∂vl
∂xk

)

−
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilδjk

(
∂vj
∂xi

+
∂vi
∂xj

)(
∂vl
∂xk

+
∂vk
∂xl

)

=
3∑

i=1

3∑
j=1

3∑
k=1

δjk

(
∂vj
∂xi
− ∂vi
∂xj

)(
∂vk
∂xi
− ∂vi
∂xk

)

−
3∑

i=1

3∑
j=1

3∑
k=1

δjk

(
∂vj
∂xi

+
∂vi
∂xj

)(
∂vi
∂xk

+
∂vk
∂xi

)

=
3∑

i=1

3∑
j=1

(
∂vj
∂xi
− ∂vi
∂xj

)(
∂vj
∂xi
− ∂vi
∂xj

)

−
3∑

i=1

3∑
j=1

(
∂vj
∂xi

+
∂vi
∂xj

)(
∂vi
∂xj

+
∂vj
∂xi

)

=

3∑
i=1

3∑
j=1

(
∂vj
∂xi

∂vj
∂xi
− ∂vj
∂xi

∂vi
∂xj
− ∂vi
∂xj

∂vj
∂xi

+
∂vi
∂xj

∂vi
∂xj

)

−
3∑

i=1

3∑
j=1

(
∂vj
∂xi

∂vi
∂xj

+
∂vj
∂xi

∂vj
∂xi

+
∂vi
∂xj

∂vi
∂xj

+
∂vi
∂xj

∂vj
∂xi

)

=

3∑
i=1

3∑
j=1

∂vj
∂xi

∂vj
∂xi
−

3∑
i=1

3∑
j=1

∂vj
∂xi

∂vi
∂xj
−

3∑
i=1

3∑
j=1

∂vi
∂xj

∂vj
∂xi

+

3∑
i=1

3∑
j=1

∂vi
∂xj

∂vi
∂xj

−
3∑

i=1

3∑
j=1

∂vj
∂xi

∂vi
∂xj
−

3∑
i=1

3∑
j=1

∂vj
∂xi

∂vj
∂xi
−

3∑
i=1

3∑
j=1

∂vi
∂xj

∂vi
∂xj
−

3∑
i=1

3∑
j=1

∂vi
∂xj

∂vj
∂xi

= ∇v ·∇v − (∇v) · (∇v)† − (∇v) · (∇v)† +∇v ·∇v
− (∇v) · (∇v)† −∇v ·∇v −∇v ·∇v − (∇v) · (∇v)†

= −4(∇v) · (∇v)†

Solve this result for (∇v) · (∇v)† and plug it into equation (3).

−1

4
(ω : ω† − γ̇ : γ̇) = −1

ρ
∇2P

Therefore,
4∇2P = ρ(ω : ω† − γ̇ : γ̇).
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